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i. i n t r o d u c t i o n  
C o n s t i t u t i v e  equat ions  f o r  t h e  s t r e s s  i n  v i s c o e l a s t i c  f l u i d s  have r e c e n t l y  
r ece ived  much a t t e n t i o n .  
f lows,  f e w  motions have been inves t iga t ed  with t h e  proposed stress equat ions .  
However, except f o r  t h e  uncomplicated simple shea r ing  
One o b s t a c l e  t o  t h e  s tudy of more complex motions is t h e  l a c k  of equat ions  of 
motion corresponding t o  t h e  Navier-Stokes equat ions  of t h e  l i n e a r l y  v iscous  
case .  I n  t h i s  paper  we d e r i v e  such equat ions  for  t h e  t h i r d  o rde r  approximation 
[l] t o  t h e  c o n s t i t u t i v e  equat ion of R iv l in  and Ericksen C21. This  equat ion can 
a l s o  be der ived  from Nol l ' s  more genera l  theory  of s imple f l u i d s  v i a  t h e  
p r i n c i p l e  of  f ad ing  memory C31. 
To o b t a i n  t h e  dynamical equat ions w e  r e q u i r e  t h e  divergence o f  t h e  s t r e s s  
t e n s o r .  
be expressed i n  many forms; however, on ly  a f e w  of t h e s e  are u s e f u l  i n  t h e  
a n a l y s i s  of flows. 
For non- l inear  c o n s t i t u t i v e  r e l a t i o n s  t h e  divergence of t h e  stress can 
The p a r t i c u l a r  s e t  of divergence express ions  der ived  below 
permit  a p h y s i c a l  i n t e r p r e t a t i o n  of each term i n  t h e  c o n s t i t u t i v e  equat ion ,  
and appear  t o  be a n a l y t i c a l l y  use fu l .  
2. The S t r e s s  Amroximations 
Under t h e  assumption of slow motion t h e  s t r e s s  of an  incompressible  
Rivl in-Ericksen f l u i d  can be success ive ly  approximated as fo l lows  Cll: 
= ( 1 )  :p where t h e  A =(N) a r e  t h e  Rivl in-Ericksen t e n s o r s  def ined  below, I1 = A ¶ 
and p t h e  a ' s  and B's a r e  cons t an t s  under i so thermal  cond i t ions ,  
0 ,  
2 
- 
e.-..- u.=,,GLaA.zy. 1 1. we dencte  t h e  stress h - r  F'* t h ~ _  clrnancrrn;n+c 2, ii, ar\.d iii in 
-J * ¶  --r- -I* - r -- 
(2.1)-(2.3) are used t o  i n d i c a t e  t h e  o r d e r  of t h e  approximation. 
and (2.3) a r e  u s u a l l y  s a i d  t o  descr ibe  t h e  second and t h i r d  o rde r  f l u i d s  res- 
p e c t i v e l y ;  they  may be regarded a s  exact c o n s t i t u t i v e  equat ions  de f in ing  t h e s e  
Equat ions (2.2) 
classes of  f l u i d s  o r  as approximations t o  more gene ra l  c o n s t i t u t i v e  r e l a t i o n s  
v a l i d  i n  t h e  regime of slow f l o w .  
The fol lowing r e c u r s i v e  formulae f o r  t h e  Rivl in-Ericksen t e n s o r s  w i l l  be 
u s e f u l  i n  t h e  subsequent s e c t i o n s  of t h e  paper  [4]. 
where t h e  vi (N) a r e  t h e  cova r i an t  components of t h e  (N-lIth a c c e l e r a t i o n .  
S e t t i n g  N = 1 w e  immediately recognize -(I) as  twice t h e  usua l  ra te  of 
deformation t e n s o r .  The A =(N) can a l s o  be expressed as 
Here t denotes  t ime,  and D/Dt  i s  t h e  c o r o t a t i o n a l  d e r i v a t i v e  which can be 
w r i t t e n  as  t h e  o p e r a t o r  
1 - -  + 2 (xu - wx) , D - -  V E - m  (2.6) 
where t h e  usua l  m a t e r i a l  d e r i v a t i v e  is denoted by D / D t  and 0 is t h e  
v o r t i c i t y  vec to r .  
From (2.5) and t h e  Cayley-Hamilton theorem C4] w e  f i n d  t h e  i d e n t i t y  
( 1 )  - where I11 = I : (x ) . 
S u b s t i t u t i n g  (2.7) i n t o  (2.3) and absorbing t h e  last  term i n t o  t h e  scalar 
3 
~ 
- n d C C * . n A  t / L b " " U L L  we have a?! al ternat ive f c r m  fcF t h e  t h i r d  m d e r  fluid 
I I 
where B, = B, + 8, 
~ 
Some of  t h e  c o e f f i c i e n t s  of t h e  t h i r d  o r d e r  f l u i d  can now be given phys ica l  
~ 
i n t e r p r e t a t i o n  from t h e i r  r o l e  i n  s teady simple shear ing motions. 
(2.2) and (2.9)  w e  have r e s p e c t i v e l y  f o r  t h e  material f u n c t i o n s  of simple 
From (2.11, 
s h e a r  
i ii iii ii 1 
T ( K )  = p o ~  = T ( K )  , T ( K )  = T ( K )  + 2 ~ ~ ~ 2  shea r  stress func t ion ,  
(2.10) 
(2.11) normal stress f u n c t i o n s ,  
ui(K) = o , ul ii (K) = u1 iii ( K )  = (2al + a2)K 
1 
Q 2 ( K )  i = 0 , U 2 ( K )  i = O2 iii ( K )  = U2K2 J 
where K is  t h e  rate o f  s t r a i n .  
Comparison of (2.10) and (2.11) with d a t a  on polymer s o l u t i o n s  C71 c l e a r l y  
shows t h a t  t h e  domain of  t h e  t h i r d  order  f l u i d  i s  r a t h e r  l i m i t e d .  I n  s p i t e  of I 
t h i s  l i m i t a t i o n  t h e  theo ry  can be used t o  e x t r a p o l a t e  d a t a  on t h e  material 
f u n c t i o n s  T, ul and u i n  t h e  low s h e a r  ra te  regime. The zero-shear v i s -  ~ 2 
c o s i t y ,  po, has f r e q u e n t l y  been measured, and i n  a t  l eas t  one case C63 al and l 
a have been determined from normal stress measurements. The s h e a r  f u n c t i o n  
c o e f f i c i e n t  
f u n c t i o n  measurements a t  s u f f i c i e n t l y  small v a l u e s  of K .  I 
2 
1 
B,, while seldom repor t ed ,  can be r e a d i l y  evaluated from s h e a r  
Liquids  whose molecules a re  small  have long been known t o  obey (2.1)  ove r  
t h e  e n t i r e  range of  measurable shear rates. I t  i s  reasonable  t o  expect (2 .3)  
t o  be v a l i d  f o r  very d i l u t e  polymer s o l u t i o n s  and suspensions.  However, a t  
4 
very  l o w  d i l u t i o n s  t h e  non-Newtonian e f f e c t s  tend t o  d i s sappea r  s u f f i c i e n t l y  
fas t  t o  make d i f f i c u l t  t h e  experimental  v e r i f i c a t i o n  of t h i s  con jec tu re .  
Hence even though t h e  mathematical  theory of second and t h i r d  o rde r  f l u i d s  can 
be regarded as exac t  c o n s t i t u t i v e  equat ions,  i t s  r e l a t i o n  t o  r e a l  m a t e r i a l s  is 
t h a t  of an  approximate theory  a t  bes t  v a l i d  over  a l i m i t e d  range of deforma- 
t i o n  rates. Although t h e s e  r e s t r i c t i o n s  appear  t o  be seve re ,  it w i l l  be demon- 
s t r a t e d  i n  a f u t u r e  p u b l i c a t i o n  [S I  t h a t  t h e  theo ry  can be s u c c e s s f u l l y  used t o  
i n t e r p r e t  d a t a  on f lows which are more complicated than  t h e  simple shear ing  
motions.  I 
3 .  The Divergence of t h e  S t r e s s  Tensor 
Before t ak ing  t h e  divergence of (2 .2)  and (2 .9)  w e  record  two u s e f u l  
i d e n t i t i e s .  If bi are t h e  covar ian t  components of any v e c t o r  f i e l d ,  t hen  
k = b. + E.. ( 0  x b-) 
b i , j  3 , i  I l k  (3 .1)  
- 
For any symmetric t e n s o r  f i e l d  
s i b l e  motion. 
t he  fo l lowing  i d e n t i t y  holds  f o r  incompres- 
This  i d e n t i t y  i s  der ived  i n  t h e  Appendix where it i s  g iven  i n  index no ta t ion .  
I n  a l l  formulae der ived  from (2.41, (2 .5)  and (2.6) t h e  v e l o c i t y  and v o r t i c i t y  
appearing i n  them a r e ,  because of  invar iance  requi rements ,  t o  be taken  a s  
r e l a t i v e  t o  t h e  coord ina te  system t o  which t h e  va r ious  f i e l d  q u a n t i t i e s  have 
been r e f e r r e d .  Hence, i n  problems such as t h e  f l o w  e x t e r i o r  t o  a body where 
coord ina te s  imbedded i n  t h e  moving body a r e  f r e q u e n t l y  employed, it i s  neces- 
s a r y  t o  use  t h e  v e l o c i t y  r e l a t i v e  t o  t h e  body i n  t h e  Rivl in-Ericksen t e n s o r s ,  
and formulae der ived  f r o m  them. 
To f i n d  V * g i i  w e  begin wi th  From (2 .4)  with (N=2) w e  have 
Expanding t h e  l a s t  term and employing ( 3 . 1 ) ¶  w e  f i n a l l y  ob ta in  
where # 2 )  is t h e  first acce le ra t ion .  
2 
T o  f i n d  V * ( A  = ( l ) )  w e  proceed i n d i r e c t l y  by first f i n d i n g  V*Dx(l)/Dt, 
and then  use  (2.5)  and (3.4)  to  obta in  t h e  d e s i r e d  r e s u l t  by d i f f e r e n c e .  
P u t t i n g  E = i ( l )  i n  (3.21, t h e  last  term vanishes  l eav ing  us with 
Hence from (3.4) and (3.5) it fol lows t h a t  
From (2.31, (3 .4)  and (3.6)  we have f o r  t h e  second o rde r  f l u i d  
v. fii =(1)) I1 = -VCP - ( 2 a l t a 2 ) ( ~ - ( V *  A - -)I 4 t p,v2TT t 
av2V - 2-42] DV *v 
t ( 2 a l t a 2 ) ( x  - v XVG) t (al ta2)(v v - 2 r) . (3 .7)  
It is worth not ing  t h a t  t h e  r e s t r i c t i o n s  on t h e  v e l o c i t y  vec to r  given above 
for  equat ion  (3.2)  apply  he re  also.  
An a l t e r n a t i v e  form of  (3 .7)  can be obtained wi th  t h e  use  of Lagrange’s 
formula for  t h e  a c c e l e r a t i o n  
p = - (3 .8)  a t  
6 
On s u b s t i t u t i n g  (3 .8 )  and (3.9)  i n t o  ( 3 . 7 ) ,  we f i n d  
(3 .9)  
(3.10) 
When (3.10) is put  i n t o  t h e  equat ion  of  motion we can,  by r e c a l l i n g  t h e  i d e n t i t y  
V2v = -0 x w, read  o f f  t h e  fol lowing theorem: 
Any i s o c h o r i c  i r r o t a t i o n a l  motion satisfies t h e  dynamical equat ions  of 
t h e  second o r d e r  f l u i d  with Bernou l l i ’ s  equat ion  given by 
where Q is t h e  body force p o t e n t i a l ,  and + ( t )  is  an a r b i t r a r y  func t ion  of 
t i m e .  For polymer s o l u t i o n s  3a + 2a2 is p o s i t i v e  C71 so t h a t  v i s c o e l a s t i c i t y  
t ends  t o  reduce t h e  pressure .  
1 
In  p l ana r  f lows t h e  Cayley-Hamilton theorem pe rmi t s  (2 .2)  t o  be w r i t t e n  
i n  t h e  form 
H i i  I1 - =(1) *p 
= -(p - (a,+a,))i + , . I~A + a l D t  (3.12) 
iii Hence f o r  such motions V becomes 
The c u r l  of (3.13) can e a s i l y  be shown t o  reduce t o  t h e  p l a n a r  flow v o r t i c i t y  
equat ion  of P. L. and R. K. Bhatnagar [8]. With t h i s  equat ion  t h e  Bhatnagars 
proved t h a t  t h e  v e l o c i t y  f i e l d  i n  p lanar  flow i s  independent of a2, a r e s u l t  
7 
which ioiiows i-iloi-e d i r e c t l y  i r - u ~ n  (3.i2j, arid is a s p e c i a i  case or' t h e  r e s u i t s  
f o r  p l a n a r  f lows of g e n e r a l  Rivlin-Ericksen f l u i d s  given by R i v l i n  and Ericksen 
i n  t h e i r  o r i g i n a l  paper c21. For two-dimensional f low t h e  Bhatnagars extended 
t h e  above theorem on i r r o t a t i o n a l  motion t o  t h e  case where t h e  v o r t i c i t y  is  a 
f u n c t i o n  of  t h e  stream func t ion .  However, t h e i r  p re s su re  equat ion is no t  i n  
agreement with (3.111, and they  g ive  no r e s u l t  f o r  t h e  p re s su re  i n  axisymmetric 
flow which was included i n  t h e i r  i n v e s t i g a t i o n .  
Another r e s u l t  which fo l lows  d i r e c t l y  from (3.13) is Tanner's theorem C91 
on i n e r t i a l e s s  plane f l o w  of second o r d e r  f l u i d s .  
any two-dimensional s o l u t i o n  t o  t h e  l i n e a r  Stokes equa t ions  sat isf ies  t h e  
i n e r t i a l e s s  dynamical equat ion obtained by s e t t i n g  (2.12) equal  t o  zero.  
According t o  t h i s  theorem 
Proceeding t o  t h e  t h i r d  o r d e r  terms i n  (2.9) w e  f i n d  t h a t  t h e  divergence 
of A ( 3 )  cannot be ob ta ined  i n  a form which l e a d s  t o  any new p h y s i c a l  i n t e r -  
p r e t a t i o n .  
t i o n s  i n  t h e i r  s imples t  form, and with t h i s  i n  mind we have from (2.4) 
I n  p e r t u r b a t i o n  c a l c u l a t i o n s  it is most h e l p f u l  t o  have t h e  equa- 
- 
t V ( V  v(3' + 3 d 2 )  : VV) (3.14) 
Many equ iva len t  rearrangements of (3.14) are  p o s s i b l e .  
r e s u l t  can be obtained by using (2.5) and (3 .2 ) .  
A somewhat d i f f e r e n t  
Writing (3.2) with B = A -(I) 2'1) g i v e s  us  
(3.15) 
n 
Clearly any terms i n  t h e  stress equat ion of t h e  form D(2(1)) /Pt w i l l  
g i v e  a r e s u l t  s imilar  t o  (3.15).  
term, t h e  only f o r c e s  generated are normal t o  t h e  s t r eaml ines .  
T h a t  i s ,  i n  s t e a d y  f low,  a p a r t  from a p res su re  
The s i g n i f i c a n c e  
8 
with t h e  k i n e t i c  energy equation. 
Adding t h e  divergence of  t h e  t h i r d  o r d e r  terms t o  (3.71, w e  write 
(3.16) 
- 
where t h e  ope ra to r  E *  i s  given by 
and 3: I1 I11 2 3  - p = p + ( 2 a + a ) - + ~  1 2 4  (3.18) 
Equating t h e  sum of (3.16) and appropr i a t e  body f o r c e  terms t o  
p 
of t h e  incompressible t h i r d  o r d e r  f l u i d .  
P V ' ~ ) ,  where 
is t h e  f l u i d  d e n s i t y ,  w e  o b t a i n  t h e  dynamical equat ion governing t h e  motion 
4. The Equation of Kine t i c  Energy 
I n  t h i s  s e c t i o n  w e  seek f u r t h e r  i n t e r p r e t a t i o n  o f  t h e  c o n s t i t u t i v e  equat ion 
(2.9)  by i n v e s t i g a t i n g  t h e  equat ion of k i n e t i c  energy. 
forces t h e  k i n e t i c  energy equat ion t akes  t h e  form ( S e r r i n  [ lo ]  p.  138)  
I n  t h e  absence of body 
where V is a n  a r b i t r a r y  material  volume enclosed by t h e  s u r f a c e  S .  The 
c o n s t i t u t i v e  equat ion e n t e r s  (4 .1)  through t h e  terms involving ? which w e  
now e v a l u a t e  with (2.9) .  
9 
- ( l ) . +  DIII 112 
: A  D t  + -1 2 ~ i i i  : ~ ( ' 1  = (11 + B ~ I I ) I I  + (ultu2)111 + B ~ (  DA(l) v t2  0 
D I1 2 
D t  + - (a ,  7 + 8, -3 111) . (4 .2)  
The l a s t  term sugges ts  t h a t  w e  rewrite (2 .9)  a s  
F i i i  - - 
( 4 . 3 )  = T + T E  , D 
- 
where TD = -1p + (11 0 +8311) i (1)  + (al+a2)(A 3 (4.4) = ( 3 )  + BIA 
I - 
( 4 . 5 )  
Writ ing t h e  k i n e t i c  energy equat ion ( 4 . 1 )  using (4.2)  and ( 4 . 3 )  w e  have 
d 1 1 - ) d V  B2111 - J (FD+FE)-VdA - pd" 
d t  P t 3  p 
( 4 . 6 )  
V . S  V 
We can i n t e r p r e t  ( 4 . 6 )  as ind ica t ing  t h e  ex i s t ence  of a " ra t e -o f - s t r a in  energy 
func t ion"  - - I1 t ;3 I11 which is a s s o c i a t e d  wi th  t h e  s t r e s s  f i e l d  (4 .5) .  
I n  s t eady  flow t h i s  f i e l d  c o n t r i b u t e s ,  a p a r t  from an  i s o t r o p i c  p r e s s u r e  term, 
only a fo rce  normal t o  t h e  s t reaml ines .  Without i n t roduc ing  formal  thermody- 
namic arguments it is not  p o s s i b l e  t o  l a b e l  t h e  l a s t  term i n  ( 4 . 6 )  t h e  d i s s i p a -  
t i o n .  
con ten t  wi th  our  pu re ly  mechanical i n t e r p r e t a t i o n  of f l u i d  e l a s t i c i t y .  
1 al 1 62 
4 P  
Since thermodynamics i s  beyond t h e  scope of t h i s  paper ,  w e  w i l l  remain 
10 
e. E The Perturbaticn Amlysis of Drag 
As an example of the use of some of our previous results, we consider 
the flow exterior to a rigid body undergoing steady translation and rotation. 
Assuming the condition of adherence we have on the surface of the body 
and on the exterior surface C 
, 
- 
where r is the radius vector, and v and are respectively the transla- 
tional and angular velocities. The surface E can have any shape consistent 
with steady motion. If C is at a finite distance from s steady motion is 
possible only if C and so have a common axis of symmetry. From (4.81, we 
0 
have 
- 
-(Feu + L.E)  = ; I f, : p d "  2 Of ¶ (5.2) 
v 
- - 
where the force F and torque L on So are given by 
Perturbation analysis of the problem beg 
0 
'S 
ns with the assumption of a 
velocity expansion of the form 
~~ -~ 
4 
It is not necessary to invoke formal thermodynamics to see that the volume 
- 
integral of T, : A is the global dissipation in this case. 
11 
%Po 
, E =  
1 
y E = -  
a ta 1 2  
a t a  a 
3 (al+a2l2 
1 2 M  A = - -  ' a  9 2 
(5.5) 
Here M is a s u i t a b l e  c h a r a c t e r i s t i c  speed and a t h e  c h a r a c t e r i s t i c  l eng th .  
The boundary cond i t ions  (5.1) are s a t i s f i e d  as fo l lows  
- 
V.. = 0 on S and on C for  a l l  i , j  (5.6b) 1 3  0 
The stress f i e l d  can a l s o  be expanded i n  a series similar t o  (5.4) 
The ?.. 
13 
c o e f f i c i e n t s  o f  A ,  X E  and so on. P u t t i n g  (5 .7)  i n t o  (5 .3)  w e  write f o r  
t h e  force and to rque  r e s p e c t i v e l y  
can be i d e n t i f i e d  by s u b s t i t u t i n g  (5.4) i n t o  (2.9)  and equat ing 
2 .  
(5.8b) 
- - - - 
where F.. and L..  are t h e  f o r c e  and to rque  due t o  t h e  stress T .  .. 
1 3  13 1s 
v.. 
13 
Most s o l u t i o n s  f o r  t h e  f i e l d s  which have been published so fa r  have 
involved t h e  neg lec t  of  i n e r t i a  i n  t h e  dynamical equa t ions .  
assumption i s  i m p l i c i t  i n  t h e  choice of p e r t u r b a t i o n  parameters i n  (5.4) s i n c e  
none of them con ta in  It i s  p o s s i b l e  t o  inc lude  t h e  e f fec t  
of small Reynolds numbers [11 ,12] ,  but w e  w i l l  n eg lec t  i n e r t i a  completely. I t  
I n  f ac t ,  t h i s  
t h e  f l u i d  dens i ty .  
12 
- 
governing equat ions f o r  t h e  V . .  and t h e  corresponding p res su re  f i e l d s  p .  .. 
13 13 
- 
0 = v T = -vp t v2Vo 
0 0 
Y 
- - 
11 0 = v T, = 'VPll + v2V1 t v T 
- - 
0 = v T. .  = -vpij t 027.. t v T . .  
17 13 13 
(5.9c) 
- - 
These equat ions are l i n e a r  i n  V . .  s i n c e  t h e  inhomogeneous stress t e n s o r s  T.. 
17 13 
are evaluated with t h e  previously determined v e l o c i t y  f i e l d s  
... , Vo. C l e a r l y ,  V 
- - 
Vi-lj , Vi-2j , 
- - 
is t h e  s o l u t i o n  t o  t h e  corresponding Newtonian problem. 
with t h e  help of 
0 
- 
vi j After t h e  ?. . 13 have been expressed i n  terms of t h e  
(2.91, w e  s u b s t i t u t e  (5 .7)  i n t o  (5.2) and, by equat ing a e f f i c i e n t s  of 
A2Ei , w e  o b t a i n  
A ,  A 2 ,  
( 5.10a 
( 5 . l ob )  
=(') is t o  be evaluated with i j  i n d i c a t e s  t h a t  A Ai j Here t h e  n o t a t i o n  
Using (5.9a),  w e  can  e a s i l y  f i n d  t h e  fol lowing i d e n t i t y  
(5.11) 
Employing (5.11) i n t o  (5.10) toge the r  w i th  t h e  divergence theorem and t h e  
boundary cond i t ions  (5.6b),  w e  have 
(5.12) 
13 
The vnr+icity equation ohtaind from (5.9a) is simply 
V*iO = 0 . (5.13) 
When (5.4) is sub,stituted into the dynamical equations, it follows from (3.7), 
(5.13) and the boundary conditions (5.6b) that 
Hence we also have 
- 
V12 will always vanish. 
(5.14) 
The series (5.8) and (5.9) have been written so that the material constants 
- - - 
appear only in X and the E ~ .  The vectors F. .  and L.. depend only on U 
and E, thus (5.12) and (5.14) mean that to within terms O ( X 3 )  the dissipa- 
tion is independent of a and B,, the material constants which appear in 
the rate of strain energy (see (4.8)). 
13 13 
1 
The case of a sphere in an unbounded fluid has been solved by Giesekus [13]. 
For the special cases of pure translation (n=O) and pure rotation (u=O) his 
results are in accord with (5.12) and (5.14). However, for combined rotation 
and translation (5.12) is not satisfied which indicates an error in this part 
of the calculation. 
complicated, and errors are difficult to avoid. 
consistency such as (5.12) can be very helpful. 
The details of these perturbation calculations are extremely 
Hence checks for internal 
This investigation was supported by National Aeronautics and Space 
Administration grant NsG-705. 
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Appendix 
To obtain (3.21, we start with 
Using (3 .1)  in the middle term of ( A . 1 )  gives us 
Combining (2 .6)  and (A.2) we have 
Again using (3.1) on the last term we obtain 
Yk ,k vBik 
+ (vmyiB:) (x) Dt ,km i 
,k Yk 
- -  DBik + 2 1 (Akm (lIBm - Aim (1) Bk) m - vk Bm . (A.4) 
Expanding the next to last term gives us 
Putting ( A . 5 )  into (A.4) and assuming 
incompressible case 
Bmk is symmetric, we find for  the 
' L  
1 5  
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